Discussion of the solutions for a system of linear equations with
two variables

A. DETERMINANTS WITH TWO ROWS

ax+by=c
(1)
0 x+by=c
The solutions to the unknowns X and y are given in the second formulas:
c1'b2_ 2 a,°¢,—a,-¢
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For (a,-b,—a,-b)#0

for a,-b,—a, b we introduce the following:
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Analogue to that we have:
C.1 bl
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The number
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Is called a determinant of the system (1),
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respectively, the determinant X and determinant y

The expression a-d -b-c,

P> 4
< d ?
Is called a determinant of two rows.

For the solutions to the system (1), based on (2), (3) and (4), follows:
D D
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Example 1.

Example 2. Solve the system of equations:

Sx+2y=29
Tv-2y=1

Solution:

D_-72_, D, -168 _
D -24

D -24 7
Solution to the system is (x,1)=(3.,7)

We have a determinant

b
= d

The numbers a.b,c,d are called elements determinant,



) .. a . b )
a b i C d arecalled rows, while e Vg o columns of the determinant.

The elements @ and d comprise the leading diagonal, while C and A are a antidiagonal or
counterdiagonal of the determinant

Determinants with two rows have the following properties:

1) Determinats aren’t changed if the rows become columns, and the columns become rows.

2) If both rows(and both columns) change their positions the determinant doesn’t change its
sign.

3) The determinant is multiplied when the elements of one of the rows or columns is multiplied

4) If the elements of one row(or column) are proportional with the elements of the second
row(or columns), the determinant is equal to zero

5) If the elements of one row or column are equal to zero,the determinant is equal to zero

B . Discussion of the solutions to a system of linear equations with two variables

ax+hy=c
0x+hy=c

Dependent on whether the determinant of the system and the determinant of the unknowns are equal or
different and not equal to zero we differentiate the following scenarios:
1° AIf the determiants of the system is not equal to zero, then the sytem has one and only
solution

Where D is a determinant of the system, and D1 i D,, are determinants of the unknowns... and for the
system we say it’s defined.
The requirement D # 0 , can be represented as:

a b, #a, b,
or:
a b
71¢71
a, b
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Accordingly, the system is defined, if the coefficient in front of the unknowns of one equations are
proportional to the coefficients to the other equation

2° If he determinant of the system D is equal to zero and at least one of the determinants

D+ and D is equal to zero, then the system has infinite number of solutions, and for it we say

that its undefined.
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Fromthe: D =0, forexample, D; =0, we have:

al _ bl Cl bl
a, b, ¢ b,
or:
al _ bl _ cl
a b ¢



Accordingly, the system is undefined if the @ 1,5, and ci from one equation are proportional to the
numbers a,, b, i ¢, from the second equation.

3° If the determinant of the system D is equal to zero, if the determinant D1 ang D2 are not zero ,
the system has no solutions.

From the following: D = 0, D= 0 and D, # O follows that the coefficients of one equations are
proportional to the appropriate coefficients of the second equation, while the numbers ¢4 and ¢,
are not proportional to them.

Example. Examine the solution of the following system:
ax+y=1
X-y=d
Determinant of the system is:

1

oo |-

1°. If a = -1, then the determinant is equal to zero.
In this case the determinants of the unknowns are:

o, =7t 1=1-1=0

-1

The system has infinite number of solutions.

2°. If a # 0, then the determinant of the system is different from zero and the sytem has
the solution: (x=1, y=1-a).

Tasks:
1. Solve the following:
D4 =8 Sr42y=1 — =D

a) b) V)
x-y=4 1+7y=9 y-x_6
N




2. Examine the solutions of the following system of equations:
ax+y=2 Jax+y=a
a) b)

ty=a 2ax+y=b
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